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The aim of the present paper is to investigate the asymptotic behavior of the
solutions of the asymptotically autonomous retarded functional differential equa-
Ž . Ž .tion x t  Lx M t x . We obtain a convergence result without assuming that˙ t t
 Ž .M t is in L , 1 p. Moreover, we give bounds on the rate of conver-p
gence as well.  2001 Academic Press
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1. INTRODUCTION AND THE MAIN RESULT
Ž  n.For r 0, let C C 	r, 0 , R denote the space of continuous func-
  n  tions from 	r, 0 into R . Equipped with the usual supremum norm  ,
C is a Banach space.
Consider a linear autonomous retarded functional differential equation
x t  Lx 1Ž . Ž .˙ t
and its nonautonomous perturbation
x t  Lx M t x , 2Ž . Ž . Ž .˙ t t
Ž . Ž .   Ž . nwhere x   x t  , 
 	r, 0 , L, M t : C R are continuous andt
linear operators.
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Ž .Assuming that M t has some smallness condition at infinity, it is
Ž .natural to study the relationships between the solutions of 1 and the
Ž .solutions of the perturbed equation 2 .
Before we state our main result we recall some basic facts from the
 theory of linear autonomous functional differential equations, cf. 9 .
Ž . Ž .Denote the solution operator of 1 by T t , t 0. From the Riesz
 representation theorem it follows that there exists a function : 	r, 0 
Rnn of bounded variation such that
0
L d    .Ž . Ž .H
	r
Ž .The transpose of system 1 has the form
0
y t 	 y t	  d  ,Ž . Ž . Ž .˙ H
	r
 Ž  n .where y is an n-dimensional row vector. Let C  C 0, r , R , where
Rn denotes the n-dimensional space of real row vectors. For 
 C,

 C, we define
0 
 ,    0  0 	  	  d    d .Ž . Ž . Ž . Ž . Ž . Ž .H H
	r 0
Ž .The characteristic roots of 1 are the solutions of the characteristic
equation
0 zdet 	 z  0, 	 z  zI	 e d  .Ž . Ž . Ž .H
	r
Ž .Let us denote the characteristic roots of 1 by Re 
 Re 
   1 2
Re 
   . Assume that 
 is a simple characteristic root and 
 is thek k l
first characteristic root in the above ordering for which Re 
 Re 
k l
holds. Then there is an n-dimensional column vector c and an n-dimen-

k t 	
 k t Ž .sional row vector d such that ce and de are solutions of 1 and its
Ž . 
k  transposed equation, respectively. Let    ce , 
 	r, 0 and
k
Ž . 	
 k     de , 
 0, r .
k
We have the following assumptions: Assume that all characteristic roots
with real part equal to Re 
 are simple and that for all t large enough thek
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following inequalities are satisfied:

M   d K  t , 3Ž . Ž . Ž .H 
 1k
t
M t   K  t , 4Ž . Ž . Ž .
 2k

M    d K  t , 5Ž . Ž . Ž . Ž .H 3
t
M t  t  K  t . 6Ž . Ž . Ž . Ž .4
Here  and  are nonincreasing functions with zero limit at infinity,
Ž . Ž .  t Ž . o  , and there is a , 0 Re 
 	 
 such that e  t andk l
 t Ž .e  t are nondecreasing functions. Then we have the following theorem:
THEOREM. Assume that all the conditions of the preious paragraph are
Ž . Ž .satisfied. Then there is a  and a solution x t of 2 of the form
x t  e
k t c x t , t  ,Ž . Ž .Ž .
  Ž .  Ž Ž ..where x t O  t .
We conclude this section by comparing our theorem to some previous
Ž .	1 Ž . Ž . Ž .results in the literature. Let   ,  ,  t  dM t  , s t, 
 
 
k k k
t Ž .    Ž . H   d . In 9 it was proved that if M t 
 L then, for  large 1
Ž .  . Ž .  Ž .enough, Eq. 2 has a solution x on  , such that x t  exp 
 t	 k
Ž . Ž .   s t,  c o 1 as t . In the recent paper 11 , under stronger
Ž .assumptions about the characteristic values of 1 , it has been shown that
 Ž .the result remains true if the condition M t 
 L is replaced by1
 Ž .  M t 
 L for some p
 1, 2 . An extension to range p 2 has beenp
 given by 5 . In Section 3 we give a nonconstructive example which
 Ž .demonstrates we do not require M t to be in L , 1 p .p
Ž .A much-studied particular case of 2 is the system with one single delay.
The first asymptotic result for scalar one delay differential equations was
     obtained in 4 . In 8 it has been shown that some of the conditions of 4
can be eliminated. Asymptotically diagonal equations have been studied in
 several papers, 13, 5 , without claiming completeness. For similar quali-
 tative results for equations with state-dependent delay we refer to 7, 10
and the references therein.
Similar investigations can be carried out for the discrete analogous of
functional differential equations, i.e., for Poincare difference equations;´
 see 6, 12 and the references therein.
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2. PROOF OF THE THEOREM
The idea of the proof is to build up a fixed-point equation in a certain
Ž .Banach space whose fixed point is a solution of 1 and satisfies the desired
asymptotics. We construct such a fixed-point equation with the help of the
decomposed form of the variation-of-constants formula. We decompose
 the phase space as C P  P   Q, where P , P , Q correspond0 1 
 0 1k
to the characteristic roots with real part equal to Re 
 but not equal tok

 , with real part greater than Re 
 , with real part less than Re 
 ,k k k
 respectively, and  is the span of  . Rather than consider the general
 
k k
integral equations that result from this decomposition, we consider only a
special solution of these equations since this is the only thing required to
prove the theorem.
Consider the equations
x  x P0  x P1   y t  xQ 7Ž . Ž .t t t 
 tk
y t  
 y t   dM t xŽ . Ž . Ž .˙ k t

P P0 0x 	 T t	  X M  x d 8Ž . Ž . Ž .Ht 0 
t

P P1 1x 	 T t	  X M  x d 9Ž . Ž . Ž .Ht 0 
t
tQ Qx  T t	  X M  x d , 10Ž . Ž . Ž .Ht 0 

where  will be chosen later. We further specialize our decomposition by
setting


 t 
 Ž t	 .k ky t  e 	 e  dM  x d . 11Ž . Ž . Ž .H 
t
Ž . Ž . Ž .Now if we find a solution of 7  11 then we will find a solution of 2 .
Introduce a new variable z ast
z  e	
 k t x 	  .t t 
 k
Note that the above transformation is meaningless in the original RFDE.
Ž . Ž .It is easy to see that 7  11 have the form
z  F t  Fz ,Ž .t t
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where
 t 	
 Ž t	 . QkF t 	  dM   d e T t	  X M   dŽ . Ž . Ž . Ž .H H
 
 0 
k k k
t 

	
 Ž t	 . Pk 1	 e T t	  X M   dŽ . Ž .H 0 
 k
t

	
 Ž t	 . Pk 0	 e T t	  X M   d ,Ž . Ž .H 0 
 k
t
 t 	
 Ž t	 . QkFz 	  dM  z d e T t	  X M  z dŽ . Ž . Ž .H Ht 
 t 0 k
t 

	
 Ž t	 . Pk 1	 e T t	  X M  z dŽ . Ž .H 0 
t

	
 Ž t	 . Pk 0	 e T t	  X M  z d .Ž . Ž .H 0 
t
Introduce the Banach space
Y y :  ,  C continuous, y t O  t 4Ž . Ž .. Ž .
   Ž . Ž .4with norm y  sup y t  t . We will show that the equationY t 
y F F y has a unique solution on Y is  is sufficiently large. This will
prove the theorem since denoting the solution of the above equation on Y
 
 k t  Ž . 
k t Ž .by y the function x  e y t  e  is a solution of 1 with thet 
 k
desired asymptotics.
To prove the existence of the solution we prove that F F y is a
contraction on Y for  sufficiently large. To this end we start with proving
that F F y maps Y into itself. Along the proof of the following exponen-
tial estimates will play a central role. It is known that there are constants
K 1,   0,   0 such that1 2
P ŽRe 
  . t1 k 1T t X  Ke for t 0,Ž . 0
Q ŽRe 
 	 . tk 2T t X  Ke for t 0;Ž . 0
furthermore, we can assume that   .2
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CLAIM 1. F
 Y.
Ž .   Ž .  Ž Ž .. Ž .Proof of Claim 1. a 	  H  dM   d O  t by 3 .
 t 
k k
t 	
 Ž t	 . Qkb e T t	  X M   dŽ . Ž . Ž .H 0 
 k

t 	Re 
 Ž t	 . ŽRe 
 	 .Ž t	 .k k 2 e Ke M   dŽ .H 
k

t 	 Ž t	 . 	 2 Ke e e M   dŽ .H 
k

t
 	 t Ž  	 .2 2 sup e M   Ke e dŽ .½ 5 H
k
t
tŽ  	 .2e
 t 	 t2 KK e  t eŽ .2  	 2 
KK 2  tŽ .
 	 2
Ž .by 4 and the exponential estimate.

	
 Ž t	 . Pk 1c 	 e T t	  X M   dŽ . Ž . Ž .H 0 
 k
t

	Re 
 Ž t	 . ŽRe 
  .Ž t	 .k k 1 e Ke M   dŽ .H 
k
t
	 1e
 t1 KK  t eŽ .2 1 t
KK 2  tŽ .
1
Ž .by 4 and the exponential estimate.
Ž .d Let  and  be bases for P and its transpose, respectively,0 0 0
Ž . P0 Ž . Ž . B twith  ,  I. Then X   0 and T t   e where B is0 0 0 0 0 0 0
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a matrix with eigenvalues equal to the characteristic roots with real part
equal to Re 
 but not equal to 
 . Thusk k

	
 Ž t	 . Pk 0	 e T t	  X M   dŽ . Ž .H 0 
 k
t

	Re 
 Ž t	 . Re 
 Ž t	 .k k  e  K e  0  M   dŽ . Ž .H 0 5 0 
 k
t
O  tŽ .Ž .
Ž .by 3 , where K is some constant independent of t.5
These estimates prove Claim 1.
Ž .  Ž . Ž .4 Ž .Define    sup  t  t . Since  o  ,  is well definedt 
and tends to zero as  tends to infinity.
  Ž .  CLAIM 2. If y
 Y then F y
 Y and F y N  y , where N isY Y
independent of y and  .
Proof of Claim 2.

a 	  dM  y  dŽ . Ž . Ž .H
k
t

    dM  y      dŽ . Ž . Ž . Ž .Ž .H
k
t

      sup y   t  a  d  M    d 4Ž . Ž . Ž . Ž .H
k
tt
        y     d K  tŽ .Y 
 3k
Ž .by 5 .
t 	
 Ž t	 . Qkb e T t	  X M  y  dŽ . Ž . Ž . Ž .H 0

 sup y    4Ž . Ž .
t
t 	Re 
 Ž t	 . ŽRe 
 	 .Ž t	 .k k 2 e Ke M    dŽ . Ž .H

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 sup y    4Ž . Ž .
t
t 	 Ž t	 . 	 2 Ke e e M    dŽ . Ž .H

 sup y    K 4Ž . Ž .
t
t
 	 t Ž  	 .2 2 sup e M    e e d 4Ž . Ž . H
t
KK 4
  y  tŽ .Y
 	 2
Ž .by 6 .

	
 Ž t	 . Pk 1c 	 e T t	  X M  y  dŽ . Ž . Ž . Ž .H 0
t
 sup y   t K 4Ž . Ž .
t

	Re 
 Ž t	 . ŽRe 
  .Ž t	 .k k 1 e e M    dŽ . Ž .H
t
KK 4
  y  tŽ .Y
1
Ž .by 6 .

	
 Ž t	 . Pk 0d 	 e T t	  X M  y  dŽ . Ž . Ž . Ž .H 0
t

 sup y    K M    d 4Ž . Ž . Ž . Ž .H6
tt
  K y  tŽ .Y6
Ž .by 5 , with some constant K independent of  and y.6
These estimates prove Claim 2.
Ž .Now choose a  for which N   1. It is easy to see that F F y is
a contraction on the Banach space Y which proves the theorem.
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3. AN EXAMPLE
Let n 1. Consider a scalar linear autonomous functional differential
Ž .equation 1 such that 
 is a simple characteristic root and assume thatk
all other characteristic roots with real part equal to Re 
 are simple.k
Ž .Choose a positive constant  with 0 Re 
 	 
 and let 1 p .k l
Define
M t   e	 t ,Ž . 
k
Ž .and extend M t by using the HahnBanach theorem in such a way that
	1 pM t  tŽ .
holds. Let
 t  e	 tŽ .
and
 t  t	1 pe	 t .Ž .
Then  and  are non-increasing functions with zero limit at infinity and
Ž . Ž Ž ..  Ž .  Ž Ž .. t  o  t . Furthermore, H M   dO  t andt 
 k
 
	1 p 	M    d  e dŽ . Ž .H H
t t

	1 p 	 t e dO  t .Ž .Ž .H
t
Ž .  t Ž .  t Ž .Choose a constant  with  Re 
 	 
 . Then e  t and e  tk l
Ž .are non-decreasing functions for t large enough . Thus the conditions of
 Ž .the theorem are satisfied for 
 but M t does not belong to L .k p
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